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Abstract

I n this paper, the thermodynamic parameters of a rotating ultracold atomic Fermi gas has been
theoretically investigated. The analysis was based on a semiclassical approximation which is
Sommerfeld expansion for the integral over the energy. Based on this result, several thermodynamic
quantities are subsequently derived, such as the grand canonical thermodynamic potential, total
energy, heat capacity and entropy. We subsequently explored how the rotation rate and interaction
parameters influence various thermodynamic properties of the system. The results clearly indicate
that these thermodynamic quantities are influenced by the rotation rate , while at the same time, they
remain unaffected by the trap parameters across all temperature ranges. By using specific heat as an
indicator, we also examined the phase transition from the gas phase to the degenerate phase. The
methodology presented here can be extended to investigate the thermodynamic properties of a
rotating Bose gas subjected to a combined harmonic and lattice potential.
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Introduction

Ultracold atomic Fermi gases offer numerous significant advantages that significantly improve our
comprehension of the many-body physics of fermions. Due to their distinct characteristics and emerging
occurrences, quantum many-body phases are a subject of ongoing investigation. Theoretical and experimental
communities have been interested in ultracold molecular Fermi gases for several years [1-4]. The main
objectives of these endeavors are to model new states of matter, including supersolids and nonconventional
superfluid. In addition to studying, the Fermi-Hubbard model experimentally in a pure, isolated environment
with full control over all Hubbard parameters [5,6] liquid 3He [7], high temperature superconductors [8], and
neutron stars [9].

Consideration should be given to trapped degenerate Fermi gases as a potential model for coupled Fermi
condensates at lower temperatures as well as as a degenerate quantum system. Despite the fact that the ideal
Fermi gas is a well-understood problem, the non-interacting Fermi gas is a good zeroth-order approximation in
many well known systems. The interactions between atoms in Fermi gases are primarily short-range and have
weak effects in the dilute limit. In numerous instances, interactions can be disregarded or viewed as a minor
disturbance, such as in spin-polarized gases where the Pauli exclusion principle significantly reduces interactions
at low temperature [10-12].

The temperature at which phase transition from normal gas to degenerate gas, dependence on various factors.
Including the density of the gas, and the external trapping potential. In general, the transition temperature is
determined by the balance between the thermal energy of the atoms and the attractive interactions that drive
them to form a degenerate state. To understand the temperature properties of degenerate fermion, it is helpful to
consider the concept of quantum statistics. Fermionic atoms obey the Pauli exclusion principle. This principle
leads to the formation of a degenerate Fermi gas at low temperatures, where the fermions occupy the lowest
available energy states, forming a Fermi sea. In many cases the role of interactions can in fact be neglected, as
in the case of spin polarized gases where interactions are strongly suppressed at low temperature by the Pauli
exclusion principle or treated as a small perturbation.
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Basic formalism

Imagine a Fermi gas that is harmonically confined and has two spin states that are equally inhabited, as defined
by the grand canonical ensemble. This gas is set up to rotate at an angular frequency of 2 around the z axis. The
Hamiltonian of the particle in the spinning frame is provided by[ 13-15].

+
H=" szZ + = M[w? (x? + y?) + w2z?] — 0L,
lp, — MO er.l 2 p?
= M + ZM + Vrot(rJ.' Z) ( 1)
where
1
Vrot(rj_r Z) = EM[wi(l - a2)rf + wZZZZ] (2)

where M is the atom mass, ¢ = x% + y2, a = — is the rotation rate, and w, = w, = wy, w, is the harmonic
L

oscillator frequencies.
Hamiltonian in Eq.(1) has energy-eigenvalues given by [16,17],

E(ng,n_n) =nhw,(1 —a)+n_hw,(1+a) + nhw, + E, 3
Where E, = hw, + %hwz is the ground state energy, n,, n_ and n, are positive integers.

Based on the partial derivative of the grand potential.2(a, T), which is the logarithm of the grand canonical
partition function, all relevant parameters reflecting the superfluidity nature are obtained [18-20]. When all states
are added up, the grand-canonical potential of an ideal Fermi gas can be expressed generally,

_Q(a{’ T) = z In (1 + e_ﬁ(En,m,nZ_#(T))) (4)
n,mmnz=0
Where 8 = (1/kgT), and u(T) is the chemical potential.
There is no analytically possible closed form evaluation for the sum in Eq. (4). An alternative method for
performing this analysis would be to use an integral weighted by a suitable smooth density of states (DOS)
p(E),[21,22] to approximate the total i.e.

1 (oo}
2(a,T) = Ef dep(e)In[1 — n(e)] (5
0
with P(€) is the density of states for non-interacting gas,
1 €?
€)== 6
pl) =7 (1 D ) ®)

where the geometrical average of the harmonic oscillator frequencies is w, = (wlw,)'? and, n(e) =
is the Fermi weighting factor. The chemical potential is fixed by the normalization condition[11]

- f d ep(e)n(e) %)

0
where N is required to be sufficiently large and being the number of atoms.
For later convenience, we should introduce a scaling behaviour of this many-body system. A first natural scaling
parameter is given by the Fermi temperature T, the temperature characterizing the onset of quantum degeneracy
phenomena. However, at T = 0 Eq.(7) allows one to calculate the Fermi energy, Ep = u(T = 0, a), defined as
the energy at which all states below it are occupied and all states above it are unoccupied. The Fermi energy for
nonrotating harmonic trap filled with N Fermions is given by,

Ep = kT = (6N)§(hwg) (8)
6N 1/3
-t ) (hawg) )

The temperature of a degenerate fermionic gas is typically measured in terms of the Fermi-temperature Tj.
Below T, the ultra cold Fermion gas exhibits superfluid behavior, while above T, the system behaves as a
normal gas. Consequently we should calculate the integral in Eq.(5) for these two limited.

For very low temperature, in the degenerate regime, substituting Eq.(6) into Eq.(5) and integrating by parts, one
obtains the simplified integral

1
eBle-n(M) 411
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eﬁ(e_li(’r)) +1
using Sommerfeld expansion,

(6 W dZn—l €
f mde = J; 1 (e)de + Z an(kBT)anETn_(l) an

2(a,T) = éfmd EL(G) (10)
0

e=u(T)
with n(e) bing any function of ¢, and
1
a, = (2 — m) ((27’1) (12)
where {(n) is the Riemann zeta function. For n(e) = ep(e), we have
Ep u(T)
B de € e+f de ep(e) + a,(kgT)? + pup'@W
awn = £, p(e) . p(€) + ay (ksT)?[p() + up'™] (13)

+ay (ks T)*[3p" (1) + up" (W] + az(ksT)[4p" (1) + up™ ()]
The temperature dependence of p(T) can be calculated using the Sommerfeld expansion, Eq.(11) [12]

p'(€) [ (kBT>2]

=Ep|l—ai|— 14
p(E) - F 1 EF ( )
the other terms are vanished since the DOS is a quadratic function of energy.

In Eq.(13), the first integral is just, 2,(a, 0) = 0, the thermodynamic potential of the ground state at T = 0.
From Eq.(14) we know |u(T) — Er| ~ (kgT)? is small, we can approximate the second integral as,

u(r) P'(©)
fE deep(e) = (WD) =~ EErp(Be) = —a (ks 5| BrpEy) (15)

thus Eq.(13) gives
_ B 2P
2(a,T) = g —a, (kgT)

u(T) = —a; (kBT)Z

"(Er)
p(Ep)
+as(kpT)°[4p" (W) + pp™ (W] ] (16)
Since W(T)-Er is small, we can evaluate the second term at p(T)=Er and finally have,
@) =+ 2@ GaTIP®) + au (ksT)[30"%) + up" @] + a3 (kT [4p"® + up™ @]
1 1
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Epp(Ep) + ay(ksT)?[p() + up' W] + a, (kpT)*[3p" (1) + pp" (10)]

This is a general equation for the grand-canonical thermodynamic potential of a low-temperature ideal
harmonically confined degenerate Fermi gas.
At high temperatures ( classical limit T > Tr) Eq.(10) is approximated to,

u(T)
.Q>((X, T) = l% [f de €3e_ﬁ(€_#(T))
6 (1 - a?)(hwy)’ Yo

+ de 638_B(€_”(T))]

w(T)
1 1 2 3 s (THK
= 6 5 3 B>3—K (18)
(1-a )(hwg) k=0
the chemical potential, high temperature approximation for Eq.(7), is given by
6 ksTy>
T) = —kgT In|——< ( ) ] 19
Finally in terms of t = Ti the thermodynamic potential is given by
F
D@m= — | e T s 20
<\ = T ey |12 20" (20)
where A = [1 - irz]. and
3
N3 5 ,
.QT>1(0!, T) = m[ﬂo(a’, 0) — B>+ 3B“—6B + 6] (21)
_ 6 3
where B = In [(1—a2)T ]

Here, we determine all for finite N from the state sum and compare it to the Sommerfeld approximation.
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Fig.1. The chemical potential is plotted as a function of temperature, with both axes scaled by the Fermi

temperature. This scaling produces a universal curve applicable to all harmonically trapped
Fermi gases. Blue curve for T > 1 and dark for T < 1.
It is evident that the low temperature approximation remains quantitatively accurate below. T/Tz ~ 0.6.

Thermodynamic parameters

Total energy
Following the standard procedure, the total energy can be expressed in terms of the 2(a, T)-potential as follows

02(a, T)
— 2
U=kgT (——5?——)” (22)
Substituting from Eqgs.(20) and (21) in Eqg.(22), the total energy per particle is given by,
Upeq w2 72 Am?At? 21m?e?
= —— A% - + (23)
for T < 1. While for T > 1 one has
U‘[>1 _3T4 3
= 24
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Fig.2.Total energy as a function of temperature. Blue curve for T > 1 and dark for T < 1.
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Beginning with the energy, one can evaluate the specific heat, entropy, and other thermodynamic quantities.
Heat capacity

According to our approach, the specific heat can be written as

Cy(T) 0 5, 002(a, T)
Nk, o7 keT) —or— (25)
Substituting from Eq.(20) in Eq.(25), up to order (1) ,
N 2
2@n) = = [Qo(a, 0) + %AZT] (26)

The usual textbook Sommerfeld approximation for the specific heat at low temperatures, u(T) = Er i.e. in our
approach A = 1, is recovered,

Cyr 2 kgT
ve<i  _ T kgl 27
NkB (1 - 0(2) EF
For any value of u(T)and Tt <1, the heat capacity is given by,
Cyren 2 1 [ 10 4 21
. = — — AT — S p2A13 4 — S + 23 )
Nk, 6 0—ad) T 37r ‘L'+9T[‘L'+5T[‘L' (28)
While the heat capacity above t > 1 is given by
CV,T> 1 3T3 3 2
N © U—aﬁ[“3+931 (29)
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Fig.3. This plot shows the specific heat as a function of temperature. Blue curve for T > 1 and dark for T <

1.

The results obtained from Egs. (28) and (29) are illustrated in Fig. 3 for various values of a. In this, we plot the
normalized heat capacity C,/NKg versus the normalized temperature 7 , with the rotation rate o plays as a
parameter. The heat capacity evolves, starting from zero, with increasing values proportional to the third power
of the normalized temperature, that is: C,, « 73 . At T = 1 a steep jump takes place while it goes fromt < 1tot
>1. Above the critical temperature, a slow decrease with the temperature is observed in C,. At high temperatures,
the heat capacity approaches the temperature’s independent behaviour expected for the non-interacting Bose gas:
3Nkg
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It is interesting to note that, signatures of a phase transition appear in the specific heat behaviour as a function of
T, a,and n. As T decreases, the phase transition, observed at T =1, reveals the transition from non condensed
state to those which is in condensed phase.

Entropy of the system

A primary objective in the study of degenerate Fermi gases is to reach very low temperatures which are accurate
for condensed matter physics, such as quantum magnetism. However, to ascertain whether a given quantum
phase is accessible, it is convenient to focus on its entropy, rather than temperature. Thus, it is important to
determine and investigate the entropy-temperature curves[25]. The behaviour of these curves is used in
analyzing the process of adiabatic cooling[25-27] .

For the rotating condensate, the normalized entropy per particle is given by,

S aT) U _M(T)

Nykz N, N,kgT  kgT G0
Substituting from Eq’s.(13), (14), (19), (24) and (23) in Eq.(30) we have,
Seer 1 n? 7 o owt o Tmt A
No.kB —(1_a2) ?A T+m‘[ ?AT +ET (1 a ); (31)
fort < 1, and
St _ T g 4387 6B+6] 4B (32)
NO'kB (1 - 0!2)
fort > 1.
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Fig.4. Plot of entropy versus temperature. The blue curve represents T > 1, and the dark curve represents
T<l1.

In Fig.4 the entropy versus temperature curves, as a function of a and ), are given. These figures show that, as it
is expected from standard thermodynamic arguments, that: as the temperature increases, the entropy has a
monotonically increasing nature everywhere. Consequently, in order to achieve thermal equilibrium in rotating
frame, the trap should contain an asymmetry in the xy —plane. Even very small asymmetries are sufficient to
ensure thermal equilibrium and safe calculation of the relevant thermodynamic parameters. However, one of the
sensitive quantities, to clear up the effects of the rotation and the interatomic interaction on the condensate, is the
behavior of the heat capacity as a function of the reduced temperature.

Conclusion

In conclusion, by employing the Sommerfeld expansion approximation, we have derived analytical
expressions for the thermodynamic potential and chemical potential of a rotating Fermi gas confined in an
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axially symmetric harmonic potential. Subsequently, we obtained formulas for the total energy, specific heat,
and entropy. Our results demonstrate that these thermodynamic quantities depend on the rotation rate while
remaining independent of the trap parameters across the entire temperature range. Using the specific heat as an
indicator, we also investigated the phase transition from the gas phase to the degenerate phase. The approach
presented here can be extended to explore the thermodynamic properties of a rotating boson gas subjected to a
combined harmonic and lattice potential.
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